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Abstract
It is well known that a de Bruijn sequence over F2 has the minimal polynomial (x + 1)d , where 2n−1 + nd2n − 1. We study
the minimal polynomials of the modiﬁed de Bruijn sequences.
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1. Introduction
Sequences with some required properties have many practical applications. For cryptographic sequences it is nec-
essary to have, for example, good autocorrelation properties, large linear complexity, and uniform pattern distribution.
De Bruijn sequences provide the best pattern distribution, and it is interesting to study their other properties.
Let s = s0, s1, . . . be a sequence of elements from F2. For any nonnegative integer k, deﬁne the kth shift s(k) of s to
be the sequence sk, sk+1, . . . . The sequence s is said to be periodic with period p and denoted by s = (s0, . . . , sp−1)
if si+p = si for all nonnegative i. A polynomial a0 + a1x + · · · + xd ∈ F2[x] is a characteristic polynomial of s if
sd+i +
d−1∑
j=0
aj sj+i = 0 for all i0.
The set of all characteristic polynomials of s forms an ideal I in F2[x]. The minimal polynomial of s is deﬁned to be
the unique generator of I. The degree of the minimal polynomial of s is its linear complexity.
The order of polynomial f (x) = xrg(x) ∈ F2[x], g(0) = 0, is the least positive integer for which g(x) divides
xe +1. It is known (see [11]) that the least period of a sequence is equal to the order of its minimal polynomial. Further
we assume that all sequences and polynomials are over F2.
A sequence b = (b0, . . . , b2n−1) is called an nth order de Bruijn sequence if
{bi . . . bi+n−1 : i ∈ {0, . . . , 2n − 1}} = Fn2.
There are 22n−1−n many nth order de Bruijn sequences [7,3]. Clearly, x2n +1= (x +1)2n is a characteristic polynomial
for every n-order de Bruijn sequence. In [4] it is shown that the minimal polynomial of an n-order de Bruijn sequence
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is of the form (x + 1)d , where 2n−1 + nd2n − 1. In [6,4] it is shown that for any n there is an n-order de Bruijn
sequence with the minimal polynomial (x + 1)2n−1+n and (x + 1)2n−1, resp. In [8] it is shown that there are no
de Bruijn sequences with minimal polynomial (x + 1)2n−1+n+1. In [5] it is conjectured that for any n3 and for any d
in the range between 2n−1 + n + 2d2n − 1, there exists an n-order de Bruijn sequence with minimal polynomial
(x + 1)d .
In this paper we consider the modiﬁed n-order de Bruijn sequences, which are obtained from the n-order de Bruijn
sequences by removing a zero from its unique allzero n-tuple. The pattern distribution of modiﬁed de Bruijn se-
quences is worse than one of de Bruijn sequences, but they are expected to have better autocorrelation (cf. [9,10]). The
m-sequences, which we deﬁne and discuss later, are contained in the set of the modiﬁed de Bruijn sequences. Here we
continue the study of the minimal polynomials of the modiﬁed de Bruijn sequences, originated in [12].
Theorem 1 (Mayhew and Golomb [12]). The minimal polynomial of a modiﬁed n-order de Bruijn sequence is a
product of distinct irreducible polynomials of degrees not equal to 1 and dividing n.
Sketch of the proof. The minimal polynomial should divide characteristic polynomial x2n−1+1, which is the square-
free product of the irreducible polynomials of degrees dividing n. Since a modiﬁed de Bruijn sequence has an even
number of 1’s and the minimal polynomial of sequence s = (s0, . . . , sp−1) is
xp + 1
gcd(xp + 1, s0xp−1 + s1xp−2 + · · · + sp−1) ,
x + 1 cannot be a factor of its minimal polynomial. For more details, see [11,12]. 
Observing that the proof in fact does not depend on the de Bruijn property of the sequence and recalling that the
order of the minimal polynomial should be 2n − 1, we can slightly improve Theorem 1.
Theorem 2. The minimal polynomial of a sequence with the least period 2n − 1 is a product of distinct irreducible
polynomials with
(a) degrees dividing n,
(b) the least common multiple of their orders is equal to 2n − 1.
In this paper we show that the product of a primitive polynomial of degree n and a polynomial of degree 2 cannot
be the minimal polynomial for a modiﬁed de Bruijn sequence. Further we generalize this result for a product of two
primitive polynomials of degrees n and k.
2. Auxiliary results
2.1. m-Sequences
An irreducible polynomial f (x) ∈ F2[x] of degree n is called a primitive polynomial over F2 if its order is equal to
2n−1 (cf. [11]).A sequence, whoseminimal polynomial is a primitive polynomial over F2, is called an n-order maximal
period sequence (n-order m-sequence ) in F2. An n-order m-sequence is a modiﬁed n-order de Bruijn sequence.
Trace representation: Let  be a root of the minimal polynomial of an n-order m-sequence (a0, . . . , a2n−2), then
ai = Tr2n/2(i ) for some  ∈ F2n ,
where Tr2n/2(x) = x + x2 + · · · + x2n−1 is the trace function from F2n onto F2. Note that the sequence
(Tr2n/2(),Tr2n/2(),Tr2n/2(2), . . . ,Tr2n/2(2
n−2)),  = k
is the kth shift of the sequence
(Tr2n/2(1),Tr2n/2(),Tr2n/2(2), . . . ,Tr2n/2(2
n−2)).
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Shift and add property: Let a be an n-orderm-sequence, then for all i = j ∈ {0, . . . , 2n−2} there is l ∈ {0, . . . , 2n−2}
such that
a(i) + a(j) = a(l).
Moreover, the m-sequences are the only sequences over F2 having shift and add property [2].
2.2. Cyclotomic numbers
Let 2n = d · f + 1,  be a primitive element of F2n and 〈d〉 be the multiplicative subgroup generated by d . The
cosets
Cdi = i · 〈d〉, i = 0, . . . , d − 1
are called cyclotomic classes of order d with respect to F2n . Clearly,
F∗2n =
d−1⋃
i=0
Cdi .
Set
Cd(l,m) = (Cdl + 1) ∩ Cdm, l,m ∈ {0, . . . , d − 1}.
The constants
(l, m)d = |Cd(l,m)|
are called cyclotomic numbers of order d with respect to F2n . The determination of the cyclotomic numbers is a difﬁcult
problem, for more details see [1], for instance.
Further we will need the following simple properties of the cyclotomic numbers:
(i) (i, j)d = (j, i)d
(ii) (i, j)d = (2i, 2j)d
(iii) (i, j)d = (i − j, d − j)d
(iv) There is at least one i ∈ {1, . . . , d − 1} such that (i, 0)d = 0.
Lemma 1. If 2n > 12d4, then (i, j)d = 0 for all i, j .
Proof. It is known that the equation
a1x
d
1 + a2xd2 = b, a1, a2, b ∈ F∗2n (1)
has always a solution in F22n for such n, d (see [11], Section 6.3). The lemma follows if in (1) we take a1 ∈ Cdi , a2 ∈ Cdj
and b = 1. 
3. Minimal polynomials of the modiﬁed de Bruijn sequences
Here we show that not all polynomials allowed by Theorem 2 are the minimal polynomial for some modiﬁed de
Bruijn sequence.
Claim 1 (Lidl and Niederreiter [11]). Let f (x), g(x) ∈ F2[x] be irreducible polynomials. Then a sequence, having
the minimal polynomial f (x)g(x), is the sum of a sequence with minimal polynomial f (x) and a sequence with the
minimal polynomial g(x).
Theorem 3. Let n> 2, f (x) ∈ F2[x] be a primitive polynomial of degree n and g(x) ∈ F2[x] be the primitive
polynomial of degree 2. Then there is no n-order modiﬁed de Bruijn sequence with minimal polynomial f (x)g(x).
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Proof. At ﬁrst observe that by Theorem 2 f (x)g(x) could not be the minimal polynomial of an n-order modiﬁed de
Bruijn sequence if n is odd. Hence, we assume n is even, and thus 2n − 1 is divisible by 3. By Claim 1 it is enough to
show that there are no n-order m-sequence a = (a0, . . . , a2n−2) and 2-order m-sequence b = (b0, b1, b2), whose sum
c= (c0, . . . , c2n−2) is a modiﬁed de Bruijn sequence. Thus we need to show that the sum sequence c contains either the
allzero n-tuple or some n-tuple twice. The second property means that there are i and s > 0, i, i + s ∈ {0, . . . , 2n − 2}
such that
c(i+j) mod 2n−1 = c(i+j+s) mod 2n−1 for all j = 0, . . . , n − 1,
or, equivalently, the sequence d = c + c(s) contains the allzero n-tuple. Note,
d = c + c(s) = a + b + a(s) + b(s) = a + a(s) + b + b(s).
Further, we write a and b in the trace representation. Without loss of generality, we can assume that
ai = Tr2n/2(i ),
and
bi = Tr4/2(f i ) for some f ∈ {0, 1, 2},
where  is a root of f (x) and  is a root of g(x). Thus we get
ai + ai+s = Tr2n/2(i ) + Tr2n/2(i+s)
= Tr2n/2(i + i+s) = Tr2n/2((1 + s)i ) (2)
and
bi + bi+s = Tr4/2(f i ) + Tr4/2(f i+s)
= Tr4/2(f (i + i+s))
= Tr4/2(f (1 + s)i ).
Let us take f = 0, the proof for the other cases is analogous. Since F4 = {0, 1, , 2} and  + 1 = 2, we get
bi + bi+s =
⎧⎨
⎩
0 if s ≡ 0 mod 3,
Tr4/2(2i ) if s ≡ 1 mod 3,
Tr4/2(i ) if s ≡ 2 mod 3.
(3)
Now, let T be the n-tuple b0b1b2b0b1b2 . . . bl with l ≡ n − 1 mod 3. We want to show that there is a positive integer
s, such that the n-tuple T in the sequence a + a(s) and in the sequence b + b(s) is added to the allzero sequence in their
sum sequence d. Suppose am mod 2n−1am+1 mod 2n−1 . . . am+n−1 mod 2n−1 = T . Note that if m ≡ 0 mod 3, then c is not a
modiﬁed de Bruijn sequence, since it contains the allzero n-tuple. Let m ≡ 1 mod 3. By (2), a + a(s) is the kth shift of
a, where k is deﬁned by 1+s =k .And, by (3) b+b(s) is either the allzero sequence if s ≡ 0 mod 3, or the ﬁrst shift of
b if s ≡ 2 mod 3, or the second shift of b if s ≡ 1 mod 3. Hence to complete the proof it remains to show the existence
of s ≡ 1 mod 3 with 1 + s = 3r+1 or the existence of s ≡ 2 mod 3 with 1 + s = 3r for some r. In other words,
we should show that the cyclotomic numbers (1, 1)3 and (2, 0)3 are not zero simultaneously. By properties (ii) of the
cyclotomic numbers, (2, 0)3 = 0 implies that (1, 0)3 = 0, which contradicts property (iv). In the case of m ≡ 2 mod 3,
the observation that the cyclotomic number (1, 0)3 is not zero, completes the proof. 
Theorem 3 can be generalized to
Theorem 4. Letn4k,f (x) ∈ F2[x] be a primitive polynomial of degree n andg(x) ∈ F2[x] be a primitive polynomial
of degree k. Then there is no n-order modiﬁed de Bruijn sequence with minimal polynomial f (x)g(x).
Proof. If n is not divisible by k, the statement follows from Theorem 2. Thus let n be a multiple of k, implying that
2n − 1 is a multiple of 2k − 1. Using Claim 1, our goal is to show that the sum sequence c of an n-order m-sequence a
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with a k-order m-sequence b is never an n-order modiﬁed de Bruijn sequence. Assume, without loss of generality that
ai = Tr2n/2(i )
and
bi = Tr2k/2(f i ) for some f ∈ {0, . . . , 2k − 2},
where , resp. , is a root of f (x), resp. g(x). In order to show that c is not an n-order de Bruijn sequence we need to
show that either it contains the allzero n-tuple, or there is s > 0 such that c + c(s) contains the allzero n-tuple. Clearly,
c + c(s) = a + a(s) + b + b(s).
Further,
ai + ai+s = Tr2n/2(i ) + Tr2n/2(i+s)
= Tr2n/2(i + i+s) = Tr2n/2((1 + s)i ) (4)
and
bi + bi+s = Tr2k/2(f i ) + Tr2k/2(f i+s)
= Tr2k/2(f (i + i+s)) = Tr2k/2(f (1 + s)i ). (5)
Using (4) and (5), a + a(s) is the uth shift of a, where u is deﬁned from 1+ s = u, and b + b(s) is the rth shift of b,
where r is deﬁned from 1 + s = r . (Observe that r ∈ {0, . . . , 2k − 2} and depends only on s mod 2k − 1.) Consider
the n-tuple T = b0 . . . bl (obtained by concatenation of 	 n2k−1
 many b0 . . . b2k−2 and the ﬁrst l, n ≡ l mod 2k − 1
positions of b0 . . . b2k−2). Let in a the tuple T start in position m, m ≡ p mod 2k −1, then in a+a(s)T starts in position
m−u mod 2n−1.Note thatT starts in every position j ≡ −r mod 2k−1 of b+b(s). Hence, if (m−u) ≡ −r mod 2k−1,
then in the sum sequence a+a(s)+b+b(s) we get the allzero n-tuple, completing the proof. Now, let s′ ∈ {0, . . . , 2k−2}
and 1 + s′ = r ′ . We need to ﬁnd s, s ≡ s′ mod 2k − 1, such that
1 + s = u with u ≡ p + r ′ mod 2k − 1.
Or, equivalently, we need to show that (s′, p + r ′)2k−1 = 0 for some s ∈ {0, . . . , 2n − 2}. By Lemma 1 (i, j)2k−1 = 0
for all i, j , which completes the proof. 
We believe that Theorem 4 is true for all kn.
Conjecture. Let f (x) ∈ F2[x] be a primitive polynomial of degree n and g(x) ∈ F2[x] be a primitive polynomial of
degree k. Then there is no n-order modiﬁed de Bruijn sequence with the minimal polynomial f (x)g(x).
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